AL/2017/11/E-1

0055

(ﬁmg @ S0 eS8 [ itpapls Lgin pfismoigene wig AN Rights Re.servedl

~\

(& com Boie coosbino@ond & eims Bt oooood

%%gmmwﬁ@

ERsbmianal  UfLenrd  Senemsmsan  Devnisna

Departiment of Fxaminations. Sei 1anka Department o
E gom: Sme ognOnmeBgn? § oy fmm of
Gebmamas  ufi_sngd ﬂ'?mmavm‘mr @sn.lnm

) 3 Bam sLobadtang § eum Swma ﬁgmbmo@a@é“

ﬁ Suprdisane:  Gsimisndl  Lflanss  Aensuldsmian
1B, Sii 1.anka Department of Fxaminations, Sti Lanks
cembnoBang § euar Hme 8{"“)6!0@&55},9

SHHas  Gebmmt  uflonsd  Plensmbaee

L‘ Yeaa *;.;m%m

r'é S u;fl_m&" 20 ghoth

Geses @&zs)cs I

2 _WJ HelHID I

\ Higher Mathematics I

eages z@mcﬁ

AP OGS BILITE0LD

Three hours

Instructions:
# This question paper consists of two paris,
Part A (Questions 1-10) and Part B (Questions 11 -17).
% Part A:
Answer all questions. Write your answers to each question in the space provided. You may
use additional sheets if more space is needed.

# Part B:
Answer five questions only. Write your answers on the sheets provided.

¥ Ar the end of the time allotted, tie the answer scripts of the two parts together so that
Part A is on top of Part B and hand them over to the supervisor.

# You are permitted to remove only Part B of the question paper from the Examination Hall.
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4 Part A

1. Factorize: (x+y+2)°—x"—y-2.

.............................................................................................................................

2. A relation R is defined on the set of all positive real numbers R by xRy if sin?x+cos’y = 1. Show
that R is an equivalence relation on ™. Find the equivalence class of 7. '

.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
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3. Let a, bER" with a0, and let f(x) = ax+b for xER. Show that f is one-to-one and onto.
Let g(x)=2x+1 for xER Show that if feg=g°f, then a=b+1.

........................................................................................................................
...................................................................................................
.................................................................................................................
.............................................................................................................................
.............................................................................................................................
................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................

.............................................................................................................................

2 2

o sin” o
4

I cos

4. Show that | | cos*a sin

2

a |=2sinta cosza. X

1 sec’a tan’a

............................................................................................................................
.............................................................................................................................
..........................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................

.............................................................................................................................
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5. Show that the equation of the tangent to the ellipse 35-2- +-=1at the point (xl, yl)lS —5 +b—2 =1
. a b d

Deduce the equation of the tangent to the auxiliary circle x2+)*=d% at the point (x;,¥,).
Show that these two tangenis meet at a point on the major axis of the ellipse, provided that
x #0 and y #0.

.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................

6. Let a>0 and >0, and let f: R — R be the function defined by

Ei_il if xX>-a
x+a
f(x)=1 2x+1 if —asx=sb

2+In(x+1-b) if x>b

It is given that fis continuous on R. Find the values of a and b.

.............................................................................................................................
.............................................................................................................................
..............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
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7. Let f: R — R be the function defined by f(x)= x|x| for x&R. Show that f(x) is differentiable at
x = 0 and write down f'(x) for all xR

Show that f'(x) is not differentiable at x=0.

.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................

8. Solve the differential equation g—i—+gy =vx>+3 , subject to the condition y=2 when x=1.
X

.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................

.............................................................................................................................
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9. Let a=R and let f be a real-valued continuous function defined on 10, 2a] such that f(x + a) = f(x)

2a a
for x €[0,a]. Show that f fydx=2f fx)dx.
0 0

.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
..............................................................................................................................
.............................................................................................................................
.............................................................................................................................
R R S L A ELE AR AL LR LA bbb
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
..............................................................................................................................

10. Sketch the curves whose polar equations are given by r =2 cos & and r =2 sin @ in the same diagram and
find the area of the region bounded by these two curves.

.............................................................................................................................
.............................................................................................................................
...............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................

.............................................................................................................................

.............................................................................................................................
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Part B
% Answer five questions only.

11.{(a) Let A, B, C and D be subsets of a universal set §. Stating clearly the Laws of Algebra of
Sets that you use, prove each of the following :

i ANBNcND) = A'UB'UC UD"

(if) (A-B)-C = (A—~C)~(B-C), where A—B is defined by A~B = ANE,

(&) A survey of 600 students was conducted to determine which sports they like from among
cricket, volleyball and football. The following data were collected from the survey:

206 like cricket, 141 like volleyball, 184 like football. Also 42 like cricket and volleyball,
65 like cricket and football, 57 like volleyball and football, and 19 like all three sports.

Of the sports surveyed, find the number of students who like
(i) at most one sport,

(ii) exactly two sports,

(iii) only football.

Also, find the number of students who do not like any of the sports.

12.(a) The Arithmetic mean-Geometric mean Inequality for three positive real numbers a, b and ¢ is
given by

atb+e 3
7 Z

(i) When does the equality hold here?
(ii) Find all pairs of a and & such that a3 +5° =3qgb.
(iii) Show that (a%b+b% + 2a) (ab®+ bc? + ca®) = 9a*bh 2.

(iv) What is the minimum value of a+-— 1 when a > b?
bla-b)

y c djly
Show that if ad—bc#0, the parallel lines in the xy-plane are mapped onto parallel lines in
the x'y’-plane by this transformation. |

(b) The transformation | *, =( @ b ) o ], maps the points in the xy-plane into x'y-plane.

lsee page eight




AL261 7/ 1VE-TT 8-
/_

14.

15.

Two small smooth sphercs P and Q of the same radius and of the same mass, with centres
A and B respectively, are moving towards each other on a_smooth horizontal floor. Just before
g))l]ision, the velocity u of P makes an acute angle 6 with AB, and the velocity v of @ is along
BA. The coefficient of restitution between the two spheres is e. Find the components of velocity
of P along and perpendicular to the line of centres AB, just after impact.

Show that the sphere  continues to move in the same direction as before, with speed

2
Also, show that if ucos8<<v, kinetic energy retained in @ is a fraction %(1—3)2 of its original
value.

(1—e}%«g+—e)ucosﬂ, provided that u<(~11-i—:i)v, where v=|v}l and u=|u|.

A uniform solid sphere of mass M and radius r is released from rest on a fixed rough plane of
inclination & to the horizontal. The coefficient of friction between the sphere and the plane is p.

(i) Show that, if u >gtana, the sphere will roll down the plane and its centre will have a
. 7 P

constant acceleration a, given by a= % gsina .

(ii) Show that if g < %tana, the sphere will slide down the plane, and the acceleration of its
centre is greater than a.

(iii) Show further that if u= Zang and if the centre of the sphere is irﬁtially given a velocity
u along a line of greatest slope down the plane, without rotating the sphere, that velocity will

remain unchanged,
(It may be assumed that the moment of inertia of a uniform solid sphere of mass M and

radius r about a diameter is %M}r2 J

16.(a) For a discrete random variable X, define the mean E(X)=yu and obtain the formula

Var(X) = E(X?)~u? for the variance of X.

(b) The probability distribution of a discrete random variable X is as follows:

x 1 2 4 5
P(X=x) P q q p

Given that P = %, find the value of g.

Show that E(X)=3, and find Var(X).

The random variable Y is defined by Y=X, +X,, where X and X, are two independent observations

of X. Show that P(Y=6)= % , and obtain the probability distribution of Y.

Find E(Y) and Var(Y).

Verify that E(Y)=2 E(X) and that Var(¥)=2 Var(X).

A

[see page nine
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17.(a) A continuous random variable X has probability density function f(x) given by

kx(T-x) , if O0=x=<1,
Sflx)= )
0 ,  otherwise.

() Show that k=6.
(i) Find P(X > 5) .
(iii) Find E(X) and Var(X).

(b) The weights of bags of tea are normally distributed with mean 200g, It is given that exactly
60% of all tca bags have weights between 190g and 210g.

(i) Find the standard deviation of the weights of the tea bags.
(ii) Find the probability that a randomly chosen tea bag has a weight between 180 g and 200g.

(iil) Four tea bags are randomly chosen. Find the probability that at least one of these bags
has a weight more than 210g.
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g Part A )

1. The position vectors of three points ﬁ; B aﬂg C with respect to an origin O are i, 2j and 2k respectively.
By considering the vector product AB x AC show that

(i) the area of the triangle ABC is /6 square units, and
(if) a unit vector perpendicular to the plane of ABC is 21;‘/‘]64-—15

.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
R I I I I I N RN
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................

.............................................................................................................................

2. A force F of magnitude 15N acts at the point with position vector ai + bj in the direction of the
vector 2i—j+2k. Find the values of constants ¢ and b measured in metres, if the moment vector of
F-about the origin O is 10i+20jNm.

.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................

.............................................................................................................................
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A
3. A uniform rod AB of length 2¢ and density p smoothly hinged at
the end A is in equilibrium in an inclined position with the part BC Surface of liquid
of length 2b immersed in a homogeneous liquid of density o, as /c

2
shown in the figure. Show that L _22_a_b—_b_7_
O a“+2ab-b B

.............................................................................................................................

.............................................................................................................................
.............................................................................................................................
.............................................................................................................................

.............................................................................................................................

4. The position vector of particle P of mass m relative to a fixed origin O, at time ¢ is r. It is given

that the force I acting on P is directed towards O. Show that its angular momentum vector h defined
by h = r x mv remains constant, where v is the velocity.

Also, show that the path of the particle lies on a plane whose equation may be expressed in the form
r-h = constant.

.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................

.............................................................................................................................

.............................................................................................................................

e )
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5. Two equal smooth spheres, each of radius ¢, are moving
towards each other, with the same speed # on a smooth
horizontal floor, in opposite directions along two parailel
lines whose distance apart is a. The coefficient of restitution

between them is L. Show that, after their impact, each

sphere moves with speed ~j’~—?—; perpendicular to the original direction of its motion.

.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
..............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................

6. The end A of a uniform rod AB of mass m and length 2a is smoothly hinged to a fixed point. While

the rod is hanging in equilibrium it is given an angular speed w. Show that, if w? = %g_ , the end B
will describe a complete circle. -

.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................

.............................................................................................................................
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7. Let X be the random variable “the number of heads obtained when four fair coins are tossed™.
Find the expectation of X and show that the variance of X is 1.

.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................

8. 10% of the items produced by a machine are defective. Find the probability that out of 5 items
chosen from the production at random, at most 2 items will be defective.

.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................

.............................................................................................................................
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9. The probability density function f(x) of a random variable X is given by
a-x) if l=x=s2,
f= { (

0 , otherwise.

Show that (i) ¢ = 2, (ii) the mean, u =% , and (i) P(d < X < 1.5y = 0.75.

.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
e e e R R N E R R AR L Rl i A
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................

.............................................................................................................................

10. The probability density function, f(x), of a continuous random variable X is given by

_x
i%e 10 if x=0
fx)=

0 , otherwise.

Show that P(X < x) = ]‘_,e_%,
Hence, find P (5 <X < 10).

.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
.............................................................................................................................
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Part B

* Answer five questions only.

12.

13.

11. Three forces F,, ¥, and F, act at the points with the position vectors r;, r, and r; respectively

as specified below

Point of action Force

r,=2i-4j F=i+4j-k

r,=-3j+5k |F,=—i-j+2k

r,=3i-k F=-3i+j+2k

Show that this system of forces is equivalent to a single force R, together with a couple of
moment vector G=4i—6j+ 12k, when reduced at the origin O.

Hence, show that the system reduces to a single resultant force.

Find the magnitude of R and obtain a vector equation for the line of action of the resultant

force, in the form r=a+ iR, where 1 is a parameter and a is the position vector of a point to
be determined.

A semicircular lamina of centre O and radius a is immersed in a homogeneous liguid with its plane
- veriical and the diameter on the free surface of the liquid. Using integration, find the liquid thrust
on the Jamina and show that the centre of pressure of the lamina is at a depth ?g a from O.

A door in the shape of a semicircle of centre O and radius a is made on the vertical side of a
tank. The door is smoothly hinged along the diameter AB which is horizontal and the door lies
below AB. The tank is filled to the level of AB with a homogeneous liquid of density p. Find

the least force that should be applied to the door to keep it closed, so that the liquid is inside
the tank.

A particle of mass m is projected horizontally with initial speed # on a smooth horizontal floor.
3

The resistance to its motion is Amv?, where 1 is a positive constant and v is the speed of the

3
patticle at time ¢. Show that 9¥ = —Av? and hence, obtain the relation v = —J—h‘—z
dt 2+ i)

Show further that the time taken by the particle for the speed to reduce from u to ﬁ— is A?/_
and find the distance travelled by the particle during this time period. u

S
|see page eight
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14. Two small smooth spheres P and @ of the same radius and of the same mass, with centres
A and B respectively, are moving towards each other on a_smooth horizontal floor. Just before
colhsxon the velocity m of P makes an acutc angle @ with AB, and the velocity v of Q is along
BA. The coefficient of restitution between the two spheres is e. Find the components of velocity

of P along and perpendicular to the line of centres AB, just after impact.
Show that the sphere O continues to move in the same direction as before, with speed

(= )U (lze)ucosﬂ provided that u<(i+e)u where v =lv| and u*]u|
Also, show that if ucos@<<wv, kinetic energy retained in @ is a fraction H(l ey of its original
value.

15. A uniform solid sphere of mass M and radius r is released from rest on a fixed rough plane of
inclination o to the horizontal. The coefficient of friction between the sphere and the plane is u.

(i) Show that, if u> %tana , the sphere will roll down the plane and its cenire will have a

(ii) Show that if u< Ztanoc, the sphere will slide down the plane, and the acceleration of its

(iii) Show further that if u= %tana and if the centre of the sphere is initially given a velocity

16.(a) For a discrete random variable X, define the mean E(X)=p and obtain the formula

(b) The probability distribution of a discrete random variable X is as follows:

constant acceleration a, given by a= é},—gsina .

centre is greater than a.

u along a line of greatest slope down the plane, without rotating the sphere, that velocity will

remain unchanged.
[It may be assumed that the moment of inertia of a uniform solid sphere of mass M and

radius r about a diameter is %MrZ R}

Var(X) = E(X?)—-u* for the variance of X.

x 1 2 4 5
P(X=x) p q q P

Given that P *ili“ , find the value of q.

Show that E(X)=3, and find Var(X).

The random variable Y is deﬁned by Y=X, +X,, where X, and X, are two independent observations

of X. Show that P(Y=6)= 3 6 , and obtain the probability distribution of Y.

Find E(Y) and Var(Y).

Verify that E(Y)=2 E(X) and that Var(¥)=2 Var(X).

.

[see page nine
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17.(a) A continuous random variable X has probability density function f(x) given by

kx(1— x)

0 ,  Otherwise.

, if O=sxx<1,

f(x)={

(i) Show that k=6.
- 1

(ii) Find P(X > E) .
(iii) Find E(X) and Var(X).

(b} The weights of bags of tea are normally distributed with mean 200 g. It is given that exactly
60% of all tea bags have weights between 190g and 210g.

(1) Find the standard deviation of the weights of the tea bags.

(ii) Find the probability that a randomly chosen tea bag has a weight between 180¢g and 200g.

(iii) Four tea bags are randomly chosen. Find the probability that at least one of these bags
has a weight more than 210g.







